Abstract-The effect of the active region inhomogeneity on the spectral characteristics of InAs/InP quantum-dash (Qdash) lasers is examined theoretically by solving the coupled set of carrier-photon rate equations. The inhomogeneity due to dash size or composition fluctuation is included in the model by considering dispersive energy states and characterized by a Gaussian envelope. In addition, the technique incorporates multilongitudinal photon modes and homogeneous broadening of the optical gain. The results predict a red shift in the central lasing wavelength of Qdash lasers on increasing the inhomogeneous broadening either explicitly or implicitly, which supports various experimental observations. The threshold current density and the lasing bandwidth are also found to increase.
I. INTRODUCTION

L
ONG wavelength emission from InAs/InP Qdashes, together with a wide gain spectrum and tunable spectral range, has attracted Qdash devices as a potential candidate in long haul fiber-optic communications and networking [1] [2] [3] . These achievements are a result of extensive experimental studies on Qdashes from the last decade by different research groups. At device level, Qdash semiconductor optical amplifiers (SOA) and lasers with superior characteristics are demonstrated [1] [2] . Besides, some peculiar observations in InAs/InP Qdash lasers, unlike in quantum dot (Qdot) lasers, have been reported. These include, lasing emission typically from the dash ground states (GS) [1] [2] [3] [4] [5] [6] [7] [8] , and red shift in the lasing wavelength on increasing the number of stack layers [9] or the laser cavity length [6, 9] . These features have been attributed to the quasi delta density of state (DOS) of Qdashes and their high-energy tail. Nonetheless, further investigations are required to understand the reason behind these observations in a more comprehensive manner, in particular, the red shift phenomenon. In this respect, theoretical modeling of Qdash devices would serve as a tool to understand the physics behind these observations and thus forms a vital constituent in further improvements of such devices, as already achieved for Qdot devices [10] [11] . Various theoretical techniques for modeling the performance characteristics of Qdashes at material level [2, [12] [13] [14] [15] , and device level [3, [16] [17] [18] [19] [20] , have been reported in literature. However, not many of these models analyzed the spectral characteristics of InAs/InP Qdash lasers except for [16, 17] , and very recently by our group [18, 19] , where we made an effort to explain the red shift of lasing wavelength with increasing cavity length or the number of stacking layers by relating these to inhomogeneous broadening (Qdash size of composition dispersion), and considering a qualitative model. The objective of this paper is to gain a further comprehensive understanding of the red shift phenomenon in Qdash lasers, which has been observed experimentally [6, 9] . For this purpose, a theoretical model is evaluated which is based on the multimode carrier-photon rate equations and the density matrix formulation. Our theoretical calculations validate that the red shift phenomenon is partly associated to the increase in laser active region inhomogeneity together with the quasi zero dimensional DOS of Qdashes. We confirm this relation first by explicitly increasing the inhomogeneous broadening, and later, implicitly, by varying the laser structure parameters (specifically, the cavity length and the number of stacking layers) and comparing with the experimental results. Overall, a good agreement between the numerical and experimental results are observed. Finally, we explore the inhomogeneity effect on the lasing bandwidth (calculated at full width at half maximum (FWHM)) of the Qdash lasers, as this feature has been exploited in the experimental demonstration of broad band Qdash lasers [21] [22] [23] . Our results predict an increase in the threshold current density and lasing bandwidth with increase in the active region inhomogeneity, which supports the experimental results. We make an attempt to explain these observations qualitatively.
II. THEORETICAL MODEL
The InAs/InP Qdash laser structure explored in our work consists of a w W L = 1 nm thick wetting layer with cross section dash density of N dh = 1.0 × 10 12 cm −2 and an active 0018-9197/$31.00 © 2012 IEEE region volume of V A = 1.8 × 10 −16 m 3 . The active region comprises four InAs Qdash stacks with an average height of h Dh = 1.5 nm and width of w Dh = 20 nm. The L = 1.0 mm long and d = 40 μm stripe width laser has as-cleaved facets that give a reflection coefficient of R 1 = R 2 = 0.3 and an internal loss of 10 cm −1 . More details of the structure can be obtained from [5] .
Our model which is applicable to InAs/InP Qdash lasers, is based on solving the multimode photon-carrier rate equations to obtain the steady state photons and carriers in each energy state of the conduction band [10] . In addition, the model incorporates the density matrix formulation of the Qdash gain medium where the quantum wire (Qwire) like nature has a large influence on the gain properties of the laser [17] . We consider a three level energy system which includes the separate confinement heterostructure (SCH), the wetting layer (WL) and the ground state (GS) energy level of the Qdashes. For simplicity, we assume that a single GS energy is available inside the dashes for the electrons and holes. The reservoir of carriers is the SCH layer that receives the injected carriers. Subsequently, these carriers relax to the WL and finally to the GS of the Qdash. The associated time constants are τ SW (relaxation from SCH to WL), τ W D (relaxation from WL to dash GS), τ DW (re-excitation from dash GS to WL), τ W S (reexcitation from WL to SCH), and τ S , τ W , τ D (recombination in the SCH, WL and dash GS layers, respectively). In addition, the model follows similar assumptions as reported in [10] . We group the dashes into j = 0, 1, . . . , 2M d groups according to the interband transition energy and consider N intra-dash energy levels in each dash group characterized by the DOS function N D [17] . Therefore, Based on the density matrix formulation, the linear optical gain of the Qdash active region is given by [4, 10, 12] 
where
is the volumetric DOS with N dh being the cross section dash density; |M cv | 2 is the transition matrix, and
is the carrier occupational probability (including the spin) of the E th j,k dash group with N j,k carrier population [17] .
The optical gain of Eq. 1 which the E th j,k dash group give to the m th mode photons, takes into account the Lorentzian homogeneous broadening term
with FWHM ofh hom .
is the fraction of energy states available at the E j,k energy level. The first term on the right hand side of Eq. 4 correspond to the Gaussian inhomogeneous broadening (GIB) due to dash size fluctuation, particularly the height, with FWHM of inh = 2.35ξ 0 (ξ 0 being the standard deviation), while the second term is the ratio of two integrals [17] . Note that we have normalized
The rate equations are as follows:
The first three rate equations refer to the carrier dynamics in the SCH, WL and dash GS energy levels with carrier populations N S , N W and N j,k , respectively. I is the current injection, η i is the internal quantum efficiency, τ W D (average carrier relaxation lifetime from WL to GS) and τ j,k W D are calculated according to: [10, 17] 
τ Sp is the spontaneous emission life time and the photon lifetime is calculated as: [10] 
where n a = 3.5 correspond to the refractive index of the active region and c is the velocity of light in vacuum. τ DW is calculated through the condition of detailed balance as: [17] τ j,k DW
D G , D W and E W L represent the GS degeneracy of the Qdash, the volumetric DOS of WL and the WL energy level,
corresponds to the volume of the active region and WL, respectively, where N lyr is the number of stacking layers. Eq. 8 corresponds to the multimode photon dynamics with photon population S m , where the second and third terms on the right hand side represent the stimulated emission and photon loss, respectively. The steady state carrier and the photon population are obtained by solving the rate equations (Eqns. 5-8) with the fourth-order Runge-Kutta numerical method by applying an input step current at t = 0. Subsequently, the laser output power of the m th mode photon of energyhω m from one cavity facet is obtained by [10] :
III. RESULTS AND DISCUSSION
The parameters used in the model are as follows: [10, 17] [17] . The initial carrier relaxation lifetime from WL to dash GS is taken as τ W D0 = 2 ps, while the separation between the dash groups is E j = 0.354 meV and M d (100 to 701) varies according to the inhomogeneous broadening value (15 to 85 meV ). These are the converged values of the dash groups once stabilizing the output power and lasing spectra in each case. Fig. 1(a) shows the room temperature calculated results of the threshold central lasing wavelength (λ c,th ), calculated by identifying the central wavelength at the FWHM, and the threshold current density (J th ) as a function of active region inhomogeneity ( inh ) which is varied explicitly by fixing entire laser structure parameters. A red shift in λ c,th and a substantial increase in J th is observed on increasing the inhomogeneous broadening. The threshold current density approximately doubles in value and the central threshold wavelength shifts ∼ 20 nm towards the longer wavelengths when inh is increased by five times. This observation has been partly attributed to the fluctuation in the size of the Qdashes, particularly the height, and its DOS, by considering a qualitative model [18] . In the following we make an effort to explain the observation from a different viewpoint qualitatively. In the case of the smaller inhomogeneous broadening, the dash sizes would preferably be similar due to their comparable heights. Therefore, population inversion might occur in most of the Qdashes simultaneously at low current injection owing to their Calculated (a) threshold current density and central threshold wavelength at various values of Qdash inhomogeneity and (b) lasing spectra at low injection current (1.1 J th ) for three different inhomogeneous broadening values, corresponding to the Qdash laser reported in [5] . P Out,Norm is the calculated normalized output power.
A. Explicit Increase in Inhomogeneous Broadening
moderately confined structures and similar band transition energies. However, Qdash assembly with dispersive sizes (fluctuating heights) would not satisfy the lasing conditions at the same low current injection. Dashes with sizes that are comparable to the electron wavelength acquire dot-like features with relatively tight confinement in all directions. Hence, lower modal gain and DOS of these small dashes require a smaller number of carriers to achieve lasing conditions. The generated high-energy photons from these small dashes would then be absorbed by large dashes with shorter band transition energies because of their comparatively large height. To facilitate lasing from the highly inhomogeneous Qdash laser structure, high injection of carriers is necessary to populate sufficient carriers in large dashes, and drive them to lase. Therefore, larger dashes prominently dominate the lasing condition of the structure due to their higher modal gain and DOS, in general. Because of their smaller band transition energy, lasing occurs in the longer wavelength region, thus contributing to a red shift in the central lasing wavelength. Fig. 1(b) shows the calculated lasing spectra above threshold (1.1 J th ) at three different inhomogeneous broadening values. Note that the lasing bandwidth ( λ) increases by four times, attaining a value of ∼ 4.5 nm at inh = 85 meV , compared to ∼ 1.1 nm at inh = 15 meV . On the other hand, the peak output power decreases and the total output power increases for a large inh system. This observation is consistent with recent experimental studies on the broadband Qdash laser [21] [22] [23] . This might be due to an insufficient lower energy DOS for the carriers to occupy in the case of a highly inhomogeneous active region. Hence, they move to the highenergy region of the DOS, thereby enhancing the lasing bandwidth even at lower current injection. Moreover, the large dispersion in dash sizes essentially isolate various dash groups. Thus, each group starts lasing independently and con- currently because they are widely separated from the central lasing mode. As a consequence, less peak optical power can be emitted under the same current injection and with enhanced FWHM of the lasing spectra.
B. Comparison With the Experimental Results
In the above section, we have discussed the dependence of the lasing wavelength on the active medium inhomogeneity by varying inh in Eq. 4 explicitly by fixing the entire laser parameters. In practice, we show how these results might be related to various experimental studies on InAs/InP Qdash lasers reported in literature [6, [8] [9] . In general, the active region inhomogeneity also depends inherently on the laser structure parameters such as the cavity length and the number of stacking layers. Therefore, we consider their dependence on the lasing wavelength by fixing inh and varying these parameters instead. Such an alteration of inh due to the laser parameters is termed as implicit increase in inhomogeneous broadening. Increasing the cavity length increases the planar area of the laser active region (and hence the volume) and subsequently incorporate relatively more dashes as compared to the smaller active region volume (shorter cavity with small planar area) laser. Hence, the probability of size dispersion might be higher in the longer cavity laser than the shorter cavity laser. Similarly, increasing the number of stacking layers increases the active region volume by including a larger density of dashes with larger size fluctuation thus, enhancing the active region inhomogeneity. Fig. 2(a) shows the calculated results of the central lasing wavelength (λ c ) as a function of cavity length, and at various inhomogeneous broadening values, for the Qdash laser reported in [5] . The experimental study of this effect on a similar InAs/InP Qdash laser [9] is plotted in Fig. 2(b) which depict that increasing the cavity length red shift the lasing wavelength. This phenomenon is well reproduced by our model at different inh values. We attribute this red (a) Calculated central lasing wavelength at different stacking layers for low (1.1 J th ) injection current. (b) Experimental results of the lasing wavelength at different number of stacking layers of a similar laser structure [9] . The numbers in the inset of (a) correspond to the inhomogeneous broadening value.
shift phenomenon partly to the increase in J th as the cavity length decreases which might blue shifts the lasing wavelength and thereby providing an impression of red shift phenomenon, as was the case with quantum well lasers [24, 25] . In addition, this observation may partly be ascribed to the implicit increase in inhomogeneous broadening, as the cavity length increases, thus red shifting the lasing wavelength. In order to demonstrate this possible attribution, we utilized an indirect approach of plotting the red shift phenomenon at different inh values, as shown in Fig. 2(a) . We observed that increasing the inhomogeneous broadening enhanced the red shift phenomenon substantially. For a smaller inhomogeneous broadening ( inh = 15 meV ) the total red shift constitutes ∼5.3 nm when the cavity length is varied from 0.5 to 2.0 mm while the experimental results show ∼47 nm. However, for the case of inh = 45 meV , the red shift phenomenon is ∼18.5 nm which is more than three times that of the smaller inhomogeneous broadening. Therefore, the enhancement in the total red shift validates that the red shift phenomenon is partly attributed to the increase in inh implicitly incorporating the unique DOS of Qdashes, and perhaps seems to be a dominating parameter. Moreover, the above conclusion also supports the recent experimental studies of the cavity effect on the lasing spectra of InAs/InP lasers [6] , where the authors attribute the red shift phenomenon to the DOS of the Qdashes. As a final point, the above statement is substantiated by the fact that the model does not consider any growth/processing parameters that affects the lasing wavelength.
Note that the lasing wavelength at various cavity lengths is relatively different in Figs. 2(a) and (b) . This is anticipated since the two laser structures are different in nature and therefore possess different structural parameters. Moreover, we utilized a staircase approximation to model the energy states of Qdashes according to Eqs. 2 and 4. Our aim in this work is to investigate the spectral characteristics of Qdash lasers and not to model the energy states of the dashes accurately.
The red shift phenomenon has also been studied experimentally by varying the number of stacking layers (N lyr ) on the lasing wavelength by Zhou et al. [9] . The authors observed a substantial increase in the lasing wavelength (∼67 nm) on increasing the stack number from 2 to 4, which, they have attributed to the increase in inhomogeneous broadening and the DOS of Qdashes. In order to investigate this observation we simulated the InAs/InP laser structure [5] at different stack number by including appropriate confinement factor values for each stack number, and are presented in Fig. 3 . The other parameters are unaltered. The experimental data from [9] is also plotted in Fig. 3(b) for comparison purpose. Our simulation results do show a red shift in the central lasing wavelength as a function of stack number and at fixed active region inhomogeneity. This observation might be attributed to the decrease in the optical confinement factor as the number of stacking layers increases which is comprehensively studied by our group recently [19] . In addition, Fig. 3(a) show that the red shift phenomenon enhanced with increase in inhomogeneous broadening of the active region. We observed a total red shift of ∼5.2 nm f or the smaller inhomogeneous broadening ( inh = 15 meV ) and ∼17 nm for inh = 45 meV . An enhancement by more than three times is obtained when compared to the smaller inhomogeneous broadening. Thus, in this case also, we ascribe the red shift phenomenon partly to the implicit increase in active region inhomogeneity which is demonstrated above in an indirect mode.
In general, our simulation results are in good agreement with the experimental observation as depicted in Figs. 2 and 3 thus showing the effectiveness of our model. However, as mentioned earlier, the lasing wavelengths of the simulation results and does not agree with the experiment owing to the fact that the laser structures are different. Moreover, the observed red shift phenomenon, in either of the two cases, could be realized either by our qualitative explanation that we provided in the previous section from a different viewpoint, or by our qualitative model [18] wherein we explained this phenomenon relating fairly to the DOS of Qdashes.
Therefore, in view of above discussion, we can now generalize that the central lasing wavelength depends on either explicit increase or implicit increase (as a result of increase in the number of stacking layers or the cavity length or both) of active region inhomogeneity, and deduce a relation for the central lasing wavelength based on these observations as λ c ∝ inh L N lyr .
C. Conditions to Achieve Red Shift Phenomenon
We have seen in the previous sections that the inhomogeneous broadening is possibly the dominating candidate for the observation of red shift phenomenon which we have demonstrated through our rate equation model. However, care must be exercised in selecting proper parameter values because, through a number of simulations, our model revealed occurrence of critical parameters for this observation. These are the total loss of the laser structure α = α i + ln 1 R 1 R 2 2L that includes the cavity loss, and the volumetric DOS value N D . In order to understand the influence of these parameters comprehensively, we show the effect of λ c as a function of inh , and at different cavity lengths, in Fig. 4(a) . The remaining laser parameters are unaltered (including N D ). Note that, for the case of 1.0 mm and 0.5 mm cavity lengths, increasing inh first shifts λ c to longer wavelengths and later, to shorter wavelengths. However, for the case of 0.3 mm cavity length, no red shift phenomenon is observed and instead increasing inh shifts λ c to shorter wavelengths. In order to understand this unusual observation, we relate this to the total loss of the laser which decreases with increase in cavity length. The calculated α for 1.0, 0.5, and 0.3 mm cavity lengths are 22, 34, and 50 cm −1 , respectively. Considering the longer cavity laser, the selected value of N D might be large enough to compensate for the total loss at the inhomogeneous broadening values of inh ≤ 85 meV and thus showing the red shift phenomenon. In other words, the weighted DOS (the fraction of the energy states available from the total N D energy states) of the larger dashes were enough to compensate for the total loss when inh increases from 15 meV to ≤ 85 meV, and hence their dominating nature, when compared to smaller dashes, persists. Note that the weighted DOS value decreases (flattens) with increase in inh (Eqns. 2 and 4), yet, we observe the red shift phenomenon till inh ≤ 85 meV probably due to the availability of just enough energy states to compensate for the total loss. However, when the laser active region inhomogeneity is increased beyond 85 meV , the available energy states in the larger dashes might not be enough to reach threshold and support lasing as a result of decrease in their weighted DOS value (deficiency in the DOS), and thus, losing their dominating nature. Now, the smaller dashes come into picture and lasing occurs via them at shorter wavelengths since they reach threshold earlier than the larger dashes because of their dot-like features. Therefore, the total loss is now compensated collectively from larger and smaller dashes with smaller dashes becoming dominant. This probably is the reason for the observation of blue shift in the lasing wavelength when inh > 85 meV . We define inh = 85 meV as the transition inhomogeneous broadening value ( T inh ) below which red shift phenomenon is observed and above which blue shift is observed. Moreover, the above explanation is substantiated by noticing a sharp increase in J th above T inh , as shown in Fig. 4(b) . This might be due to substantial increase in the high-energy photon generation by the smaller dashes because part of the photon population gets absorbed in the larger dashes and remaining contribute to the stimulated emission.
In the case of smaller cavity lasers, T inh reduced to 45 meV for 0.5 mm cavity length, and no T inh is observed for 0.3 mm cavity laser. This is an expected behavior since N D is fixed for all the cases. For instance, considering the 0.5 mm cavity laser, more number of energy states (higher weighted DOS) are required in the larger dashes to compensate for the total loss of 34 cm −1 (∼1.5 times the loss of longer cavity laser) thus leads to the decrease in the T inh value. Next, we explored the second parameter (N D ) that affects the red shift phenomenon observation. In this case, we fixed the total loss by fixing the cavity length to 0.5 mm and varying N D . The remaining parameters are unaltered. The results are tabulated in Table 1 . As expected, the transition inhomogeneous broadening value increased with increase in N D and thus enhances the range of inh for the observation of red shift phenomenon. This probably is due to increase in the weighted DOS (more number of energy states available in the larger dashes) due to increase in N D value which enables larger dashes to maintain its dominance at even larger inh values. It is worth mentioning that increasing N D more than two times has enhanced T inh by more than two and a half times in value. Therefore, a proper selection of these two parameters becomes important for the correct realization of Qdash laser performance when utilizing the presented rate equation model.
D. Broadening of the Qdash Lasing Spectra
Finally, we have applied the model to the InAs/InP Qdash laser [5] to investigate the effect of injection current. For this case, we have fixed the cavity length to 0.5 mm and other parameters remain unaltered. The results of the variation of the central lasing wavelength as a function of active region inhomogeneity is illustrated in Fig. 5(a) for low (1.1 J th ) and high (5.0 J th ) current injection values. We have assumed that the homogeneous broadening does not change with the current injection. Apart from showing a red shift with increasing the inhomogeneity of the Qdash gain medium, the figure also reveals a blue shift in the central lasing wavelength at high current injection (above threshold) which enhances with inhomogeneous broadening. More prominently, this aspect can be noticed in Figs. 5(b) and 5(c) where the lasing spectra corresponding to inh = 45 meV and inh = 75 meV are plotted for different current injections. The blue shift is visible in both cases. This may be due to the band filling effect where both the lasing bandwidth and λ c move towards higher energy transitions. In general, the carriers fill the lowest GS energy level of the Qdashes from the available wide energy levels as determined by their DOS function (which includes a dominant GS followed by a high energy tail) and contribute to the lasing. With increasing the current injection, more carriers are forced to occupy higher energy levels once the lower energy states are completely filled by carriers that constantly recombine in the system. This results in high energy transitions corresponding to a blue shift of the central lasing wavelength and the lasing bandwidth. Fig. 5 (a) also illustrates the broadening of the lasing spectra at both low and high current injection, on increasing the active medium inhomogeneity. This is generally due to a constant recombination of carriers at lower and higher energy levels in Qdashes. However, the broadening is small in the case of the less inhomogeneous medium even at high current injection (see Fig. 5(b) ). This is attributed to the decrease of overlapping energy levels (particularly in the high energy region), and hence DOS, for the electrons to occupy. Thus, the broadening of lasing spectra due to active region inhomogeneity, is minute in this case. But it is worth noticing that under high carrier injection, if the inhomogeneous broadening is increased, the lasing bandwidth increases substantially, as is shown in Figs. 5(a) and 5(c) . The lasing bandwidth attains a value of ∼ 4 nm at 5.0 J th for inh = 45 meV . On the contrary, at the same current injection, the Qdash laser with inh = 75 meV attains a value of ∼ 18 nm and exceeds 20 nm for inh = 85 meV , which is approximately five times wider. From the experimental studies on the recently reported broadband Qdash laser [21] [22] [23] , the lasing bandwidth achieved with 1.0 mm cavity length is ∼50 nm. Therefore, our theoretical results agree with the experimental observation, although the bandwidths achieved are not similar. The increase in the lasing bandwidth is due to the availability of highly dispersive GS energy levels of the Qdashes (due to large fluctuation in size) and nearly complete overlap of their high energy tail states (determined by the DOS). Therefore, a higher DOS in the high energy transition region of the dashes might contribute to broadening of the lasing bandwidth by constant recombination in the system. These combined effects generally broaden the lasing spectra and lead to blue shifts of the lasing bandwidth and λ c . Another possible explanation would be simultaneous lasing from both smaller and larger dashes, resulting in broadening of the lasing spectra.
IV. CONCLUSION
In conclusion, we have analyzed the inhomogeneous broadening effect on the characteristics of InAs/InP Qdash lasers explicitly and observed the red shift phenomenon. We have validated the proposal that this phenomenon is partly connected to the quasi zero dimensional DOS of Qdashes together with the active region inhomogeneity, and explained the observation qualitatively from another perspective. We also have analyzed the inhomogeneous broadening effect implicitly by relating it to the laser structure parameters such as cavity length and stack number, observing the red shift phenomenon and comparing it to the experiment. Our model predicts an increase in the threshold current density and lasing bandwidth on increasing the inhomogeneous broadening value.
